GSI: Zvi Rosen Problem 11.1.79 February 29, 2012

Let a and b be positive numbers with a > b. Let a; be their arithmetic mean and
b; their geometric mean:

a+b —
Repeat this process so that, in general,
anp+b
an+1 — % bn—|—1 = anbn

a) Use mathematical induction to show that

an > ant+1 > bpt1 > by
As with all induction arguments, we need a base case and an induction step.

1. BASE CASE

We start with the base case n = 1. We need to prove that a; > as > b > b;. Equivalently, we
want to show that a; > ‘“T'H’l > varby > by

First we demonstrate that a; > b;. We know that (y/a — v/b)? > 0 since a > b.

(1) (f—\/g)z>O:>a—2\/5\/5+b>0:>a+b>2\/&\/5:>a7+b>\/c%

Using this fact, we can show:

b
(2) a1>b1:>2a1>a1+b1=>a1>a1+1:>a1>a2.
(3) a; > by = aib > b% (true, because by > 0) = \/a1b; > by = by > by.
Finally, we use a variation on argument (1) to show that as > bo:
b
(4) (\/&1 —\/51)2 >0=a —2\/61\/61—1—[)1 >0= al; ! > \aiby = as > by

Putting these together, we find that:
a1>a2>b2>b1.

2. INDUCTION STEP

We now proceed to the induction step. This is where we assume that a, > an41 > bpg1 > by,
and we need to prove that an4+1 > anq2 > bpio > byy1. These arguments are going to be similar
to the ones in the previous step:

Apt1 + bt

(5) Gnt1 > bpp1 = 2ap+1 > Gng1 + b1 = apg1 > 5 = Ap+1 > Api2.
(6) Apiy1 > bn+1 = an+1bn+1 > b?H_l = \/ an+1bn+1 > bn+1 = bn+2 > bn+1.

an+1 + bny1
= % >/ An41bny1 = apyo > byyo.
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This gives us the result:
Apt1 > Apg2 > byyo > bpg.

So, by induction, we proved that, for all n,

Gp > Gpt1 > by > by

b) Deduce that both {a,} and {b,} are convergent.

Both a, and b, are bounded above by a; and below by b;. The sequence a, is monotone
decreasing, and the sequence b, is monotone increasing. Therefore, by the Monotone Sequence
Theorem, both sequences converge.

c) Show that limy,_, a, = limy_, by. Gauss called the common value of these limits

the arithmetic-geometric mean of he numbers a and b.
Let A = lim,oo{a,} and B = lim,_,{b,}. We can take either recurrence relation, take the

limit as n — 0o, and we will find that A = B.

Starting with the recurrence relation for a,:

lim a = lim @n + bn
n—00 n+1_n—>oo 2
A+ B
= A= +
2
:>A_B
2 2
= A=1B.

Starting with the recurrence relation for b,:

lim by41 = lim v/apb,
n—oo n—oo

= B=vVAB
= B? = AB
= B=A.



