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Outline

What is flatness?

Why is flatness? A Linear Algebra Perspective

Why is flatness? A Geometric Perspective



−⊗M , the functor



−⊗M is right-exact



−⊗M is not left-exact



When is −⊗M exact?

TFAE conditions characterizing flatness.
M is a flat module if

1. −⊗M is an exact functor.

2. −⊗M preserves short exact sequences.

3. f : N � → N injective =⇒
f ⊗ 1 : N � ⊗M → N ⊗M injective.

4. f : N � → N injective for N �,N finitely generated =⇒
f ⊗ 1 : N � ⊗M → N ⊗M injective.







Linear Dependency & Bases
[Approach based on nLab’s page on flat modules]



Translating to Rings



Formal Theorem

A module M is flat if and only if for every finite linear
combination

�

i

aimi ≡ 0 ∈ M , ai ∈ A,mi ∈ M

there are elements nj and linear combinations

mi =
�

j

bijnj ∈ M , bij ∈ A,

such that for all j , we have

�

i

aibij ≡ 0 ∈ R .



Defn: Affine Algebraic Variety
[Approach based on Ch 6 of Eisenbud’s Commutative Algebra]



Defn: Morphism of Varieties



What is a family of varieties?



Example: Hyperbolas {xy − a : a ∈ k}



Example: k [x , t]/(tx) not flat as k [t]-module
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