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Motivation: Quadratic Number Fields



Motivation: Algebraic Varieties



Definition: Primary Ideal



Definition: Primary Decomposition



Not all ideals are decomposable



Def: p-primary

Prop: q primary =⇒ r(q) is the smallest prime
ideal containing q.



Def: p-primary

Prop: q primary =⇒ r(q) is the smallest prime
ideal containing q.



Examples: Z,Q[x , y ]



Not all prime powers are primary

Let R = k[x , y , z ]/(xy − z2) and P = (x , z).



Ideal Quotients of Primary Ideals



1st Uniqueness Theorem

Let a =
�n

i=1 qi be a minimal primary
decomposition of a. Let pi = r(qi). Then

{pi : 1 ≤ i ≤ n} = {r(a : x) prime : x ∈ A},

hence are independent of the particular
decomposition of a.



Proof



The primary ideals are not unique



Def: Associated, Minimal/Isolated,
Embedded Primes



Associated Primes of (0)



Localization & Primary Ideals



2nd Uniqueness Theorem

Let a =
�n

i=1 qi be a minimal primary
decomposition of a, and let {pi1, . . . , pim} be an
isolated set of prime ideals of a. Then qi1 ∩ · · · ∩ qim
is independent of the decomposition.

In particular, the isolated primary components are
uniquely determined by a.
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