
Commutative Algebra:
Hilbert’s Nullstellensatz

Dr. Zvi Rosen

Department of Mathematical Sciences,
Florida Atlantic University



Outline

Radical Ideals & Algebraic Varieties

Weak =⇒ Strong

Proof 2: Noether Normalization

Proof 3: Jacobson Rings



Def: Affine Variety



Examples



Some Properties



Hilbert’s Nullstellensatz

Let k be an algebraically closed field, and
I ⊆ k[x1, . . . , xn] be an ideal. Then I(V(I )) = r(I ).



David Hilbert (1862 - 1943)



Wait a minute...

Version from last lecture: Let k be a field, B a
finitely-generated k-algebra. If B is a field, then it is
a finite algebraic extension of k .



Weak Nullstellensatz

Let k be an algebraically closed field, and
I ⊆ k[x1, . . . , xn] be an ideal satisfying V(I ) = ∅.
Then I = k[x1, . . . , xn].



“The Rabinowitsch Trick”



“The Rabinowitsch Trick”



Emmy Noether (1882 - 1935)



Noether Normalization Lemma

Let k be a (infinite) field, A �= 0 a finitely-generated
k-algebra. Then, there exist elements y1, . . . , yr ∈ A
which are algebraically independent over k and such
that A is integral over k[y1, . . . , yr ].



Proof



Proof



Proof



Geometric Interpretation



Example: k[x,y]/(xy-1)



Noether Nrmlz =⇒ Weak Nlstlnsatz

Recall
Weak Nullstellensatz: Let k be an algebraically
closed field, and I ⊆ k[x1, . . . , xn] be an ideal
satisfying V(I ) = ∅. Then I = k[x1, . . . , xn].



Krull & Jacobson



Def: Jacobson Ring



Jacobson version of Nullstellensatz

Let A be Jacobson, B a f.g. A-algebra, then B is
Jacobson.
If n ⊆ B maximal, then m = n ∩ A is maximal and
B/n is a finite extension of A/m.



Lemma

TFAE: 1) A Jacobson
2) For p ⊂ A prime, if b �= 0 ∈ B = A/p has B[b−1]
a field, then B is a field.



Lemma

TFAE: 1) A Jacobson
2) For p ⊂ A prime, if b �= 0 ∈ B = A/p has B[b−1]
a field, then B is a field.



Proof: Case B = A[x ], A field, x transc



Proof: Case B = A[x ], A Jacobson, x
transc



Proof: B = A[x ]/q, A Jacobson



Proof: B = A[x ]/q, A Jacobson



Proof: B = A[x1, . . . , xn], A Jacobson



Jacobson Version implies Nullstellensatz
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