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Theme: Ideals & Quotients

Special properties of ideal

⇐⇒

special properties of the quotient ring



Definition: Prime Ideal



Quotient: Integral Domain



Examples



Preimages of Prime Ideals are Prime



Preimages of Prime Ideals are Prime



Images of Prime Ideals
not Generally Prime



Definition: Maximal Ideal



Quotient: Field



Maximal Ideals are Prime



A Maximal Ideal Exists in Every Ring



A Maximal Ideal Exists in Every Ring



Definition: Principal Ideal Domain
A principal ideal domain (PID) is an integral domain
in which every ideal is principal.

Claim
Every non-zero prime ideal in a PID is maximal.



Definition: Nilradical N
The nilradical N is the set of nilpotent elements of
the ideal.

Claim
The nilradical is an ideal.



Quotient: Reduced Ring



N = intersection of all primes



N = intersection of all primes



Definition: Jacobson Radical R



Alternative definition

x ∈ R ⇐⇒ 1− xy is a unit in A for all y ∈ A.



N ⊆ R


