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Def: Graded Ring

A graded ring is a ring A together with a family
(An)n≥0 of subgroups of the additive group of A with

A =
∞�

n=0

An, AmAn ⊆ Am+n.

Note: A0 is a subring of A and each An is an
A0-module.



Examples: Graded Rings

Trivial.

A = k[x1, . . . , xn].



Def: Graded Modules

Let A be a graded ring. A graded A-module is an
A-module M together with a family (Mn)n≥0 of
subgroups of M with

M =
∞�

n=0

Mn, AmMn ⊆ Mm+n.

Note: Mn is an A0-module for all n.



Def: Homogeneous Element



Thm: Noetherian graded rings
Let A be a graded ring. The following are
equivalent:

1. A is a Noetherian ring.

2. A0 Noetherian, A finitely-generated as an
A0-algebra.



Proof



Proof



Henri Poincaré



Def: Poincaré Series

� A = Noetherian graded ring generated over A0

by elements x1, . . . , xs in degrees k1, . . . , ks ,

� M a finitely-generated graded A-module.

� λ an additive function on f.g. A0-modules.

Then, P(M , t) is defined as
�

n≥0 λ(Mn)t
n.



Examples

Trivial Graded Ring.

k[x ]



Example

k[x1, . . . , xn]



Example

k[x , y ]/(x2y 2)



Thm: Poincaré Series is Rational

� A = Noetherian graded ring generated over A0

by elements x1, . . . , xs in degrees k1, . . . , ks ,

� M a finitely-generated graded A-module.

� λ an additive function on f.g. A0-modules.

Then, P(M , t) =
�

n≥0 λ(Mn)t
n =

f (t)�s
i=1(1− tki )

,

where f (t) ∈ Z[t].



Proof



Proof



Proof



Def: Hilbert Function



Examples

Trivial Graded Ring.

k[x ]



Example

k[x1, . . . , xn]



Example

k[x , y ]/(x2y 2)



Thm: Hilbert function is Polynomial

� A Noetherian graded ring generated over A0 by
d elements of degree 1,

� M a finitely-generated graded A-module.

� λ an additive function on f.g. A0-modules.

Then, for n � 0, λ(Mn) is a polynomial in n of
degree d − 1.



Proof



Proof
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