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Def: Graded Ring

A graded ring is a ring A together with a family
(A;)n>0 of subgroups of the additive group of A with

A=EHA., AmAn C Amsn.
n=0

Note: Ap is a subring of A and each A, is an
Ap-module.
AN A=A,

AOAh C; Anl—b-: A'\‘



Examples: Graded Rings
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h>0, A“z 0. AM{-;.
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Def: Graded Modules

Let A be a graded ring. A graded A-modaule is an
A-module M together with a family (M,),>o of

subgroups of M with
m-gvaded park of /4
Y

M = é M,, AnM, C M. 1.

Note: M, is an Ap-module for all n.

AoMm C_, MV\-\-O = M/\'



Def: Homogeneous Element

A homoaencoqs -&\CMCW* in o

?ra.&U\ module M5 a0 e\ Og'
[\/\h for gome n.

Given XeM ve o urite

X=7) %, | 1 ¢ N Finibe index sl
T

w X: € M; \\.m?)u\cwg.



Thm: Noetherian graded rings

Let A be a graded ring. The following are
equivalent:

1. Ais a Noetherian ring.

2. Ao Noetherian, A finitely-generated as an
Ap-algebra.

) 91 Hilbed basis Vhm.

) D2) A Noethertn. Let Ay =
(:BA“- A+ 1§ An id?,ﬂ\\,
nzyo

A‘o - A/A_'_ < Noetherian,



Proof
A fin. aem, as an A, 'u\ae‘om.
A_‘. Is & ‘?.’ni\'e,\\aaaﬁv\efﬂhat '\&c/‘\\-

AN TR S
Led A= Ay, x]& A.

Claim An c A far Al Argme
L?f idu cFion.

Dage sep: Ao € AN



Proof
Acsume ALQA' for k<n.

Consrder  Xe h,c Ay = xedy
’7x,2a,y' ;¢ A.

X5 ¢ A, H' i a5 c Ah-\a,-
where ks oig The geading of y..
Dajeh. D xeh T

=] F



Henri Poincaré




Def: Poincaré Series

» A = Noetherian graded ring generated over Ay
by elements xi, ..., xs in degrees ki, ..., ks,

» M a finitely-generated graded A-module.
» ) an additive function on f.g. Ag-modules.

Then, P(M, t) is defined as ) . A(M,)t".
U-“uoc(\—-}\\ \‘Uih care &ef’e,sli &’A = \L'n‘a.
>\(M"\ ’,d(m“Mv\'



Examples

Trivial Graded Ring. /-\(o: A, A(n -0 hvyoQ.

MAVE 40k + - = \(A (eq.1)

kixl x(m,) = dim, M.,

\C[X] s kokx ® ity -
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Example
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Example

/V‘
k[x, ¥/ (x*y?)

L n 3
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Thm: Poincaré Series is Rational

» A = Noetherian graded ring generated over A
by elements xi, ..., xs in degrees ki, ..., ks,

» M a finitely-generated graded A-module.
» ) an additive function on f.g. Ap-modules.
f(t)
Then, P(M,t) =3 o A(M,)t" = — -,
=0 [T (1 — %)
where f(t) € Z][t].




Proof
Ihduckion %8%“@%(5 s of onu A,.

Bise e S=o. A?Aa.
" S:rb A-module 2 N {.3 A,o—vvw&.
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Proof
Co»\sidef LY act Squ ANAX

°©7 Koo M, —‘i’ M *ﬁL
/\ additive g\'md'u()v\

NUAERUR PN U IO B
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or 3 = = T 9Dace



Proof
(=45 Pm ) = L) = £ PLL, ) 5 E).
k,L ore both annihilated by X
S0 J(kué are modules over A, [, Xt )
70k and P(LE) can be weiten
S A e e e

Tru 4
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Def: Hilbert Function

Let A Le o Noedh amv[u( ring/
M J:l"\'a,@'\ vaded A'V’\o&w[&,
;‘ addif, ve %mr\ch'()h 6n +the C{hg

6:[ ga Ao' W\udM‘ES'

MM ¢ a Function of n ‘
(¢ Called ‘\’L\(,“H.‘\lotr,l fanchion of M.



Examples

Trivial Graded Ring. A=k
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Example
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Example e o

k[x, ¥/ (x*y?)

V(M) = Aim (1))
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Thm: Hilbert function is Polynomial
A
€V6n+l/w\)\?

» A Noetherian graded ring generated over Ag by
d elements of degree 1,

» M a finitely-generated graded A-module.
» ) an additive function on f.g. Ap-modules.

Then, for n > 0, A(M,) is a polynomial in n of
degree d — 1.
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Proof
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