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The Two Theorems on ldeals

Chinese Remainder Theorem

Prime Avoidance Lemma
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Chinese Remainder Theorem

Proposition 1.10 (Atiyah-MacDonald)
Let A be a ring with ay,...,a, C A ideals.
Define a homomorphism ¢ : A — [["_;(A/a;) by
the rule ¢(x) = (x+a,,...,x + a,).
1. If aj, a; are coprime whenever | # j, then
H a, = ﬂ a;.
2. ¢ is surjective <= a;,q; are coprime
whenever | # J.
3. ¢ is injective <= () a; = (0).



Proof: [[a; =«
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Proof: [[a; =«
(WIHQ}L\@I+ (/Wlnall’) @L C— ﬁ/[Q/Z ’

= (ana) b by

L@“f ny 2

7/@ /C\lﬂ)‘an / Ww'/WM

Fpply in vlngﬂbh Nrﬂr‘«\es s
1 - TM - (\ Wi -
WTS: Bad = nod Sufficient 4n b Coprime



Proof: [[a;,=(a;
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Proof: ¢ is surjective <= a;, a; coprime
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Proof: ¢ is surjective <= a;, a; coprime
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Proof: ¢ is injective <= (a; =0
b mjective & ker(p) =0
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Application: Z
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Application: k[x], field k.
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Prime Avoidance Lemma

Proposition 1.11(i) (Atiyah-MacDonald)

Let p1,...,p, be prime ideals and let a be an ideal
contained in | J_; p;. Then a C p, for some 1.



A Sharper Version

Lemma 3.3 (Eisenbud)

Let p1,...,p, C A be prime ideals and let a be an
ideal contained in (J!_, p;. Suppose either that:

1. A contains an infinite field, OR
2. all but two of the p; are prime.
Then a C p; for some i.



Proof: Infinite field
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Proof: Infinite field
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Proof: all but two p; are prime
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Proof: all but two p; are prime
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Application

Let R be a Noetherian ring, M a finitely generated
nonzero R-module. Every ideal consisting entirely of
zerodivisors on a module M annihilates some
element of M.

|dea of Proof

The zerodivisors are contained in the union of
“associated primes” of a module. So this ideal must
be contained in one such associated prime.
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