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Definition: Exact Sequence

et (M,‘i, =1, bt a stquence
ob A-wodules with  A-module
homomorphisn M 5 M.,

1S an exact Sa/pluﬁb.ce ]{: —(;D( a\l’)

Ker (1644—\\ = \""'GC;).



Short Exact Sequences
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O——)M,%I\/ll-eMj»%O

{, injeckive.

o {3 Surjective.,

o (oker (‘Fl) ~ M, /Kef(’@)



Long — Short Exact Sequences .
0= M — M_ZENVI3 i, M, —;/7/175_—?0
O M oM, — I""(&) — ©
0= 1n(E) =My B 1) 5 0
0 —Im(f)— M% — M, o

/ /0*»2 exact ) 3 short exact,



Proposition 2.10 (Atiyah-MacDonald)
Let the following diagram commute, with rows exact:
0 M —= M s M >0
T T LD
0—Gow N N0

vl

Then there is an exact sequence:

0 — Kerf X Kerf % Kerf' -

s Cokerf’ Y» Cokerf Y3 Cokerf” — 0
% = L;ouw\ﬁd,/? !/LOMoma/PAtérV'.

1) @ irjectiv]), wx)=0 Ful=0

\/L(/\J‘ =) )(10



Diagram Chasing

rv~>)( -

OHM M*}M 0 0 = Kerf L—é Ker f
Vs Kerf” — Cokerf’

— Cokerf — Cokerf” — 0

)K“(V) [va LU) V(W (%)) = v(ux) = o-
Show  Ker(3) Clma(a): Take x ket
then F(0= 0, v(X)zo 9v(x)-0. ) 3%6 M’
Re v((v)
We need : ‘aéke/((')§ Commudafivity tmplies

fulp=0=u'st'() L DEY) =0 g



Diagram Chasing

4 X
0—— M=o M— M7 ——0 0 — Kerf' Ker f
Jf’ H DJ'f” —  Kerf” Coker f’
0 N ——N—=N" 0 — Cokerf — Cokerf” — 0

Bou.n (qug homvnﬂo(‘“)\iém /

Take xeKecd %“U‘”@ \
st vg) = 2l ekee (V). Tl lmle)

(Kinjeckve) 2 412 ¢4 W)= ?(3)-
Take %Q‘\ =z wa»g% °{ 2 tn Coler ((:)



Additive Functions & Exact Sequences

Db Let ) C > Z S%W\C}\'WO‘&

_

The rdo{HDr\ \Hf‘”\\f %"WV\ (o
JhDF‘l' Q\(@(/# SQ/]\A,Q/MC/Q,

0= A= P> -0
AR+ N (Q) = 3 (B) Them ) 9
cw\\ul an  additive ]Cuqcﬁr(on.



An Example from Topology

[Credit to Shaun Ault on Math StackExchange for the
example.]

Lt V= vubices, E- &Jg%, = faces

z2[F] - 72[e] - ZIV]
|t Liaten }/Vz /(2
\{@3 ) —{—Qﬂ’@\q +)(u\/,;

— 2 9 2L[F - 2] - Z[\/qu—)



An Example from Topology

[Credit to Shaun Ault on Math StackExchange for the
example.]

0— 2 = 2[F] » 2[E] 7Z[\/J~>Z—>D
%(M)' V\Ox>\t 01{:9’\
- K gl VI

For Benerql exach sw‘mewcar

J e )=o,  I-lElE-M =D
hel Euler C‘I\C\f'I! 7 \\:\ 2.



Definition: Hom

Given M N A-medules,

H‘”"/‘A‘(M,N) z {/AV'M"A\AIQ, lqowvnof(fh\'é"“é/(]

HoMﬂ(M,N) }MS Shru ctune OL 'Ay'mJulQ?

cbiMaN g Mo N fa Mo N
) {%3 X o Fl) 4 00,
¢ g?mﬂ‘{\\/ aeA oLJE‘M’ﬁN

X oxﬂ)‘] .



Hom(M, ) is a covariant functor

A-mod s fhe cateyecy of all  A-modules.
» Okjects: N =2 Hom(m N).
’Morﬁ;l«ims‘- ¥ N-p
Hom(M,N) = Hom(M,P)
g — 1y



Hom(-, N) is a contravariant functor

\:uw\(,%( (:/vm A/MW} -7 A'mod'
Objects: M — Haw (4 V).

“Mvr@h;‘sms: f+ Mo P

Ham (9,0) = Hom [M/N)
g Zxof



Defn: Left-exact functor

. Y
» Covariant l(/ O — M( Y M ) M =2 0 C)‘C\d'

then o 5 P(M’)”‘ F(w) "7”/0/\”) e xack,
Maps  kemels 10 Kernels.

» Contravariant

£ 0= MO MM 0 ack,
Fhth 0 G(m") 7 )= ) exack

Maps Cokernels o kenels.



Explicit computations

L HoZ,Z). §0)70. FW) =n.
= {09= k()=
>H"N\(Z ’2) Z
Hom L4 &) < -
2 Hom(Z2,Q).  £(p) =o. §L\)+§()

—_%i% t@)/ B\~0. :2&(()1?(2):0

3. Hom(Q, Z).

g 25E) =50 e 2 fl) oA feo
wmz(& 7) 20.



Homy(7Z/nZ, -) is not right-exact

025 1= g 7

- CXact:
0 = Hon(Z,,1)— HML“Z‘V.,Z) .
@ i}\«\ow(lhz.\)ﬁ %
Z,

/Lu%):zn
M u) - 0 .



Homy(-, Z) is not right-exact

06 — Z— Q—>R/z-0

?l oXock

0 (@2, Z) 5 Hom(®,2)

h
v &HOM(Z,Z)LO
VA
R Rt
QXM{/
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